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Let n k denote the number of times the kth largest distance occurs among a set S of n points 
in the Euclidean plane. We prove that n2 ~< 2~n for arbitrary set S. This upper bound is sharp. 
We consider the set S of n arbitrary points in R 2. We denote the largest 
distance between two points in S by dl, the second largest by d2. Let us denote 
by nl resp. n2 the number of distances equal to dl resp. d2. It was proven by Hopf 
and Pannwitz [1] and Sutherland [2]: 
Theorem A. nl <<- n, for an arbitrary set S. 
The present author gave a description of the pairs (nl, n2), for the case when S 
is a set of vertices of a convex polygon (we shall say briefly that S is convex). In 
particular, we obtained the following bound see, in [3]: 
Theorem B. For convex sets S, n2 <<- 4n. 
In the present paper we prove for an arbitrary set S; n2 ~< 3n. 
We call the segments of length dl red, and segments of length d2 blue. Let us 
consider the convex hull of S. We call a point outer if it is on the convex hull, 
inner if it is inside the convex hull. We call a blue edge inner blue edge if it has 
inner endpoint. We state some simple properties; 
Proposition 1. Red edges can connect only outer points. 
Proposition 2. The configuration of  outer points s, u, t, v is forbidden if the 
distances among them are as follows; d(s, u) = d(u, t) = d2 and d(t, v) = dl, see 
Fig. 1. 
Proof. For every convex quadrangle the sum of the length of the diagonals is 
greater than the sum of the length of two nonadjacent edges. In the quadrangle 
sutv this inequality cannot hold. 
Definition. We call a configuration of Fig. 1 a forbidden N. 
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Fig. 1. 
Proposition 3. At  least one endpoint of a blue edge must be an outer point. 
Proof. If u, v are inner points of distance d2, then drawing a perpendicular line e 
to the line (u, v), S must contain an outer point t on the side of e which does not 
contain u. Then d(u, t )> d2, so d(u, t )= d~, but this contradicts to Proposition 
1. [] 
Proposition 4. Suppose an outer point u is connected to the inner points tl, v, t2 
and the semiline uv separates the semilines ut~ and ut2, then no other blue edge 
than (v, u) may start from v. 
lhrooL Such a blue edge (v, r) would force either (r, t l )  o r  (r, t2) to be red which 
contradicts to Proposition 1. [] 
Definition. In every outer point u we call the number of outer blue edges starting 
in u, the outer degree of u, the number of inner blue edges starting in u, the inner 
degree of u. 
Now we prove the upper bound on n2. 
Theorem. For any set S of n points in R 2, n2 <- 3n. 
Proof .  First we remark it may be assumed, that no point has degree 0 or 1, for 
such a point could be omitted. Next we show that we may suppose that all the 
inner pointshave degree <3. Suppose we find an inner point u of degree 3. Then 
we have the following possibilities for the outer neighbours Vl, v2, v3 of u: 
(a) All the distances d(vi, vj) are larger than d2. Then all of them must be dl 
and so vl, v2, v3 form a regular triangle. 
(b) There are two edges of length dl and the third is <~d2. Say d(vl, v2)= 
d(v~, v3) = d~ and d(v2, v3) ~< d2. In this case the angle vluv2 >- 150 °. 
(c) There is at most one edge of length dl, say d(vl, v3)= dl and the other 
two edges are not greater than d2. In this case the angle te = 2fv~uv3 <~ 120 ° and 
v2 must be on the arc of the circle around u of radius d2 within this angle ac. 
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Fig. 2. 
Case 1. Suppose the outer neighbours of u form a regular triangle see Fig. 2. 
Then we show that from the vi's at most one blue edge, different from the edge 
which goes to u, can start. Suppose (v3, r) is a blue edge. Then r cannot be inside 
the regular triangle v~112113 because for such a point among the distances d(vi, r) 
there is one which is between dx, d2 which is impossible. Suppose r is outside the 
triangle vx112v3 say r is on the side of the line vau which does not contain Vl. 
Then d(Vl, r) > d2, so d(v~, r) = dl must hold. Obviously d(r, v2) < d2, so the 
angle rv2vl < 90 °. Trivially no other blue edge can start in v3 on the same side of 
the line v3u than v3r. Similarly, to the other side of the line vau only one blue 
edge (v3, t) can go, where d(v2, t) = dl must hold. But then d2 < d(t, r) < d~ since 
(t, r) is the shorter side of the trapesoid VlV2rt. From this follows that at most one 
of t and r can occur among the points of S. Suppose it is r (if none of them 
belongs to S, then 113 can be omitted and we proceed by induction). If any blue 
edge starts in 112 or in Vl the endpoint would give forbidden distance with r. So 
one of v2 and v~ has degree 1, which is a contradiction. 
Case 2. Suppose the vi's are as on the Fig. 3. Suppose (vl, r) is a blue edge, 
where r is on the side of the line VlU not containing v2. Then obviously 
d(v2, r )= dl must hold. d(r, v3)< dl must hold because otherwise (r, v3) and 
(vl, v2) would give avoiding red edges, d(r, u)< d2 must hold (it cannot be dl) 
and if it were d2, then the angle v2ur >I 90 ° would hold which would contradict 
d(v3, r) < dl. Suppose d(r, v3) = d2, then the triangles rv2v3 and v~uv2 would be 
equivalent. Let ~. uvlr  = tr, then ~. u2u111 = 180 ° - tr, and ~_/'113112 = 90 °. On the 
other hand ~_ v3uv2 = 2a~ ~< 60 °, so ~_ v2uvl q= ~ rv3v2. So d(r, v3) < d2. Let 
~. UVlV3 = fl, then ~. 113vlr < fl so ~ 112111r < 3fl (fl <~ 15°), furthermore ~ vlru > 
90 ° -  fl and ~. urv2>fl ,  so ~. v2rv~<90 °, but this contradicts the fact that 
V2Vlr= ~ v2rv~. From this it follows that v~ has degree 1, which is a 
contradiction. 
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Fig. 3. 
Case 3. Suppose d(vl, v3) ~< dl and d(1)1, 1)2) ~< d2, d(v2, v3) ~< d2 as on Fig. 4. 
We draw a line e which is perpendicular to the line uv2. All the 1)i's are on the 
same side of this line e. Since u is an inner point of S, there exists a point t ~S on 
the side of e not containing the points vi. Obviously d(t, 1)2) = dl. Suppose t is on 
the side of the line 1)2u not containing 1)3. Then in the triangle tu1) 3 the angle 
1)3ut > 90 °, SO d(t, v3) > d(u, 1)3) = d2, so d(t, v3) = dl. Then the angle vlut >- 
90 °, because ~ v2uvl <- 60 ° and ~. ½v2uv3 <- 30 °. So in the triangle VxUt the edge 
(vl, t) is the largest, so d(t, vO>d(u,  1)1)=d2, therefore d(t, v l )=dl .  This 
means that the circle around t of radius dl and the circle around u of radius d2 
have 3 points in common, which is impossible. 
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So only the Cases 1 or 2 may occur. So if we find an inner point of degree >/3, 
then we proceed by induction. So we may suppose that all inner points have 
degree 2. 
Dellnit ion. Let u and the 1)i'S be outer points of S, such that for all the distances 
d(u, 1)i)= d2 hold. Then we call those 1)i's middle neighbour of u for which on 
On large distances inplanar sets 195 
both sides of the line uvi, u has neighbours of distance d2. The edge UlVi is called a 
middle edge from u. 
Proposition 5. I f  an outer vertex u has outer degree >13, then no inner blue edge 
can start from the middle neighbours of u. 
Proof. Suppose indirectly that d(v2, r)  = d E and r is an inner point on the side of 
the line VEU not containing 1,11, say. Then d(vl, r )=d l ,  obviously, but this 
contradicts Proposition 1. [] 
Proposition 6. Suppose the outer degree of u equals 3, then the inner degree of u is 
<~1. 
Proof. Suppose that the neighbours of u are the outer points vl, 1.12 and 1,13, see 
Fig. 5. Then by Proposition 5, the inner degree of 1,12 is 0. So we may suppose the 
outer degree of 1,12 is greater than 1, otherwise 1,12 could be omitted and we could 
proceed by induction. Suppose 1,1 is an outer vertex of S and 1,1 is on the side of the 
line uv2 not containing lVl. Then every inner blue edge starting from u must go 
across the edge (1,12, 1,1) otherwise it would force a forbidden red edge. Suppose rl 
and rE are inner points of S, where d(u, rx) = d(u, r2) = d2. By our assumption r~, 
r2 are of degree 2. Let z~ resp. z2 are the other endpoints of the blue edges 
starting in r~ and r2. zl and z2 are different outer points of S, obviously. Then both 
(rx, 1,1]) and (rE, 1,12) must cross the edges (u, 1,11) and (u, v2), otherwise it would 
form a forbidden N. But in this case d(zl, r2)= d~ or d(z2, r~)= dl but this 
contradicts Proposition 1. So at most one of the ri's is of degree >1, which 
finishes the proof. [] 
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Proposition 7. Suppose the outer degree of u equals 4, then no inner edge can start 
inu. 
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Proof. Suppose the outer neighbours of u are Vx, v2, v3, v4 see Fig. 6. Then by 
Proposition 5, the middle nieghbours v2, v3 of u are of inner degree 0. By our 
assumption v2 and v3 are of outer degree i>2, and it is easy to see that they 
cannot be of higher degree. Then one can easily see that any inner blue edge 
starting from u may go only between the semilines uv2 and uv3, say d(u, r) = d2, 
where r is an inner point of S. Then the other blue edge starting from r would 
force a forbidden N. So r is of degree 1, so it may be deleted. So we may suppose 
that no inner blue edge starts in a vertex of outer degree 4. [] 
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Proposition 8. No outer point u of S has outer degree higher than 4. 
Proof. By Proposition 5, the middle neighbours of u are of inner degree 0, and 
those middle neighbours vi, for which both sides of the line uvi contain at least 2 
neighbours of u, are of outer degree 1. This is a contradiction. [] 
Let us consider now the following directed graph G. The vertices of G are the 
outer points of S. For each vertex v, the middle edges from v, directed away 
from v, are the edges of G (an edge may be directed in both ways). From the 
description above we know that every vertex in G has degree at most 2, and if it 
has degree 2 then either both edges are directed in or both are directed out. The 
doubly directed edges form separate components of G, connecting points in S of 
outer degree 3, we consider these as circuits of length 2 in G. The rest of G 
consists of isolated vertices, disjoint circuits, and disjoint paths. The isolated 
vertices of 'G come from the points of S which have outer degree <~2, and the 
inner degree of these points is <~2. The vertices which belong to these circuits of 
G originate from points of S of outer degree 4, alternating with points of outer 
degree 2 (these points are middle neighbours of the points of outer degree 4). By 
Propositions 5 and 7, the inner degree of these points is 0. The vertices of G 
which are endpoints of paths of G originate from the points of S either of outer 
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degree 2 and inner degree 0, or of outer degree 3, inner degree ~<1. The inner 
vertices of the paths of G originate from points of S of outer degree 2 and 4 
alternatively, and such points have inner degree 0. 
Using the structure of G, we give an upper bound on the number of blue edges 
in S. Let ml be the number of isolated vertices of G, and m2, the number of 
vertices belonging to the circuits of G. Let k be the number of paths in G and m3 
the number of vertices on such paths. So we have 
Pl = ml + m2 + m3 
outer points. The number q~ of outer edges satisfies: 
ql ~< ½(2ml + 3m2 + 3m4 -- k), 
since the average degree on any circuit is 3, and on any path is less than 3, so we 
loose at least one on each path. The number q2 of inner blue edges satisfies: 
q2 ~< 2ml + 2k. 
This implies for the number P2 of inner points of S that 
P2 = ½q2 ~< ml  ÷ k. 
Using these inequalities, we obtain the desired upper bound on the number of 
blue edges in S" 
n2 = ql + q2 -- ql + 2p2 = -32P2 ÷ ql + ½P2 
~< aEP2 + ml + 3m2 + ~m3 - ½k + ½ml + ½k 
= aEP2 + a2(ml + m2 + m3) = -32(P2 + P l )  = aEn. 
Finally we describe a construction which attains equality in the upper bound for 
n 2. Let n = 2m, and let the points v~, . . . ,  v,, form a regular m-gon (see Fig. 7). 
The vi's will be the outer points of S. In this configuration d2 occurs  m times. Let 
u l , . . . ,  Us be constructed the following way: the ui's are inside the cir- 
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cumscribed circle of the vi's, and we have: 
d(vi ,  ui) = d(ui, vi+l) = d2, 
where the indices are understood mod m. In this example we have 2m points and 
n2 = 3m, so this gives equality in the upper bound on n2. 
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